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Experiments on the flow past a circular cylinder at
'very high Reynolds number

By ANATOL ROSHKO

Guggenheim A tical Lob ¥, California Instmlte of Technélogy,
Pu,mdonu, Californin

{Recoived 15 November 1950) -

Meesuroments on a large eireular oylinder in o pressurized wind tunnel at Rey-
nolds numbers from 100 to 107 revenl o high Reynolds number transition in

which the drag coofficiont inercases from its low supereritical value to a valus.

07 at R = 3-5 % 10® and then becomes constant, Also, for B > 3-5 x 108, definite
vortox shedding occurs, with Strouhal number 0-27,

1. Introduction -

Shortly after the closing and beforo the dismantling of the Southera California
Co-operativo Wind Tunnel (CWT), some timo was made available to us for a
high Reynolds number experimenton a circular eylinder. In'thislargepressurized
wind tunnel (Millikan 1957) it was possible to reach a cylinder Reynolds number
R of closo to 107, compared to about 2x 10, the highest value for which wind
tunnol measurements were proviously reported in the literature. There are, in
addition, soms measuroments in natural wind, up to about B = 4 x 10% (Dryden
& Hill 1030; Pachstein 1940), about which we comment more fully later.

The many experimental measurements of drag coefficient O, at suberitical
Reynolds numbers are in fairly good agreement as fo the values of Gy(R), but in
the supereritical range, i.e. after the transition to low values of Gy, there is little
agreement, except that O lies botweon values of 02 and 04, It is not clear
whether the relativoly large diserepancies here aro due to difficulties in measure-
ment or whether the flow here is more sensitive to the conditions of the experi-
ment, Tho measurements of Delany & Sorensen (1953) at Roynolds numbers up

- to 2% 104 exhibit a multivaluedness which they attribute (private communica-

tion) to changes in the flow from & symmetrical to an unsymmetrical type, higher
values of 0} ocourring in the unsymmetrical flow: Other authors claim to observe
no asymmetries,

- On the question of vortex sheddmg ab high Reynolds number there is little
information. It is well known that vortex shedding occurs at Reynolds numbers
below the critical value, with & dimensionless frequency (Strouhal number S)
of about 0:2, At eritical and supereritical Roynolds numbers thero are, to our
knowledge, only two sets of measurements, The early ones by Relf & Simmons
(1924) indicate that in the transition range there is & predominant frequency in

the wake, which they called ‘aperiodio’, compared to the “accurately periodic’ .

flow at B < 105 Their measurements show that the Strouhal number of these
frequencies increases as the drag coefficient C; decreases.
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. More recently, Delany & Sorensen (1953) obtained measurcments at still
higher Reynolds numbers (10¢ to 2 x 10°) using & pressure pick-up in the wake
close behind the aylinder, The shedding frequencies, which wero dotormined from
"the predominant frequencies.on’.an oscillograph roeord, show consideralle
scatter, s dothose of Relf & Simmons; the values of § are between 0-35 and 0-45,

From thes two sets of measurements, it would appear that 8 rises rapidly in
the interval B = 2x 10% to 10% and that there may be's rapid decrease at about
2% 108,

Our intention in the present experiments was to overlap the Reynolds number
range of the existing measurements, while extending them to values of R as
high as possible. The time avsilable for preparing and performing the experi-
ments was 50 short as to preclude a thorough investigation of ell aspects of the
fiow, but it was hoped to obtain answers to a fow obvious questions: Does the
drag coefficient continue to change? Is there vortex shedding? Is there an
-asymptotic state, i.e. can we say anything about the ultimate form of the fiow
as R -» c0, end at what values of B are we approaching it1

'2. Experimental arrangement

The experiments were performed in the subsonic test section of the CWT,

‘which had & height of 8-5%, and width'of 11 ft. Tt could be pressurized to 4atm;
pressures of 1 and 2atm were also used. To avoid compressxbxhby effects, the
flow speed was hmlted to & Mach number of about, 0:25.

. Hot wire -
. Spliner pnsman

: 3 )
RNy s Wi AN L .Y

*—-Sﬂn.-—-J

[ PRRNY 1 p—

Wind tunnel wall

" Fioure 1. Arrangement-of oylinder in the wind tunnol.

The cylinder was a seamless *black steel’ pipe which had been sandblasted
to remove its protective paint and scale. This resulted in a surface roughness of
aboub 200 u-in, The oylinder had a diameter of 18in. and was round to within
Yein, (in diameter), It spanned thio 8} ft. height of the test scetion, Pressure
orifices were located avery 10° (with additional ones at & = 95° and 105°), over
half the circumference at the middle section. Theso were connected to o pressure
measuring system consisting of pressure transducers which read out to digital
indicators and recorders, The sensitivity of this system was set to give full output
at the highest dynamie pressure, consequently there was a debenomhon of
acouracy at lower values of the dynsmic pressure,

A hot-wire enemometer was mounted at a fixed position, 7-3 dmmeters down-
streamof theoylinder axisand 0-7 diameters off the centroline, asshownin figure 1,
The output of the hot wire, in a stendard cireuit, was fed into a spectral analyser,
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which could sean tho frequency speotrum and record it on o pen recorder. We
woro Jooking for possiblo vortox shedding peaks in the spectrum. Whenever
onowas indicatod on thoroeord, it was tuned by hand and its frequency acourately
dotormined by ecomparing it to an oscillator signal whose frequency was meu,sured
by an olectronio counter,

Provision was made to install a ‘splitter plate’ on the centreling ‘behind the
cylinder, as indicated in figure 1. It also spanned the 83 f5. height of the test
section, extended 4 ft. along the centreline, and was 2in. thick, being made up
of two pieces of plywood bolted together.

3..Wall interference corrections

To obtain tho highost possible Reynolds number, the cylinder diameter chosen
was a Jittle Jarger than might have been desirable from the point of view of the
wall interference. With o diometer & = 1-56{t. and tunnel breadth 6 = 111%,,
tho blacknge ratio was dfh = 0-136. T'o correct for the wall interferonce offects,

we made use of the formulas of Allen & Vincenti (1944), which give, for tho cor-

rected values of volomty and drag coefiiclent ¥ and G in terms of the measured
values ¥’ and Gy,

3= 1+gc',,( )+o sz(f) : W
-g,_x ;o,() 2-.5(%),’. ‘- @

Theso formulas wore obtained, following the earlier work of Lock, Glauert and
Goldstein, by using imago doublets to represent the interforenco between wall
and eylinder, and image sources to represent the interference between wall and

wake; the two effects give-the third ond second terms, respectively, in the
formulas. Such an snalysis does nob take into account possible interference.

effects on the separation mechanism and the structure of the wake close behind
the body; changes in these could heve an important effect on the drag. This
would be especially important in regions where Gy is changing rapidly with R,
but probably less important where 0y is nearly constant, The experimental
ovidenco relating to wall interference on cylinders is not entirely satisfactory.

We have used equations (1} and (2) as the best available, believing them to be
. fairly accurate at our hlghesb Reynolds numbers, whers C; is nearly constant.

The maximum corrections to ¥’ and O wero about 4 and 10 %, respectively.
The uncorrected drag cooffieient 0; was obtained by integrating the measured
pressure distribution G,(0); it was then corrected with equation®(2). When
correeted values of pressure coefficiont 0 were needed (e.g. figures 3 and 4),
thes were obtained from-

Corrections for Reynolds number R and Strouhal number § are the §QMe as

“for the velocity.
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4, Results . o (a) Dmg coefficient

The corrected valuas C; are plotted against Rin ﬁguro 2. Also shown, for com.
parison, is the well-known curve of Cy(R) ab lower values of I Difforent jn-
voshgutora, do not agree exactly on this cutve, but the differencos aro small,

. except in the supercritical region. Wo have chosen Wieselsbergor’s (1921) curve

as representative and have also plotted the results of Delany & Soronsen (1953)
in the supércritical range (all the dashed lines). The latter extend to g higher
Reynolds number than any other wind tunnel experiments of which we are
aware, and they illustrate the difficulty in ohtaining consisténoy in the super-
critical range. It had been hoped that our experiments would overlap the
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] kﬂ:; _w__./ B
02 \--.' Delany & Sorcnsen
O T e w0

. B
Frouns 2. Drog coemcxent

existing measurements more than theydo, bub we were unable toobtain auﬁcxen’a
accuracy at our lowest Reynolds numbers, since the dynamm pressures wero 50
low that the resolution of the pressure-measuring syatem became inadequato,
and thers was insufficient time to changa it.

.Our results match the trond of those at lower Reynolds numbers, ns well ‘as

this éan be determined from the multivalued behaviour, and it is apparent that -

Cy increases in tho range 108 < & < 35 x 108, from & valie of about 0-3 to nbout
0-7, and then levels off at the latter value. It will be noted presently tHat ‘the
value B = 3:5 x 10 apparently marks the end of a transition range.

Also shown on fignté 2 is the value of 0; obtained by Dryden & Hill (1930) in
some experiments that are apparently nob well known. These measurements
were made on & smoke stack with a clear height of 120 £., the values of G being

obtained from pressure distributions at a seotion 41 1%, from the top, where the
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diametor was 11-8ft, Tho wind speeds woro about 25-40ra.p.h., which corre-
sponds to Roynolds numbors of 3-6 x 10% Their mean value of G for a group of
obsorvations is 0:67 4 0-04, and it may be scon that this agrees quite well with

our rosulta. A point of intorest is that Dryden & Hill inferred the wind speed
from the measurements on the eylinder, making use of the fact that the maxi-
mum pressuro is stagnation pressure, while tho pressure at 31° on eithor side of
that point must be nearly static pressure. For experiments in the natural wind;
this technique is clearly better than one using a velocity measurement at some
location removed from the cylinder.

b \
10 BN
Flachsbart~] ’ : . elo | o le
-08 : : L1 -
RS
f
3 ¥
[ p
, y; L) , p=4am
4 : i , ¢ p=2am )
o palam
\ : // i = v % With splitter plate
-02
0.6 o 108 107
R .

Frovre 3, Base pressure coefficient.

In another set of experiments with a short stack (L = 80ft., & = 10£t.); Dryden
& Hill obtained much lower values of C; (approximately 0-4) at the same values
of R, The lower value may be attributed to the small length-diameter ratio, as
may the similar results of Pechstein (1040) on a cylinder of length 10m and
diameter 2m in & natural wind.

" (b) Buse pressure cqéﬂid’mt

- Changes in G, ‘are closely related to changes in G, the pressure coefficient on the

back of the eylinder. This was determined from the average pressure over 20
or 30° on either side of the rearmost point. The results (corrected values) are
plotted in figure 3, together with a curve obtained by Flachsbart (1029) at lower
Reynoldsnumbers, The curve determined by our pointsis faired into Flachsbart’s
ourve, (We have not included other investigators’ results on this plot; inclusion
of these would show a seatter or multivaluedness at supercritical Reynolds
numbers, Jike that on the Cy(R) curve.) - '
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.(¢). Pressure distribution .
A pressure distribution at one of the highest Reynolds numbers (84 x 109) is
shown in figurs 4, in which the corrected pressure coeflicient O, is plotted agoingt
6, the angle measured from the stagnation point. Shown for comparison are
typ:oal pressure distributions at lower Reynolds numbers, R = 1-1 x 105, which

1
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'Froun 4. Pressure distributions:

" is typical of suboritical Reynolds numbers, and- B = 67 x 105, which is typlcal

of Reynolds numbors just above the oritical transition to low values of Oy
Our curve, which is nearly the same as the mean curve given by Dryden, differs
from the other two. It shows a base pressure coefficient which is nearer to thab
of the subcritical distribution, but the distribution of pressure near ¢ = 90°
indicates that the separation point is further back than in the suberitical flow,
possibly at 90° or greater. (The pomt ab 6 = 80" is & bad point; 1t. has no sig-
nificance with'respeot to separation. )
. ‘The pressure distributions for all« our expenmenbs are s\mllur to tlus, the main
effects of Reynolds number and splitter plate are on the base pressure coefficient
(cf. figure 3),
; . (d) Shedding freguency.

The Strouhal number S of the vortex shedding: frequency is plotted against B

in figure 5, togsther with provious mea,surements in the transmon range and ab
suberitical Reynolds numbers,
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Flow past a circular cylinder at high Reynolds number

1t should be pointed out that, with tho technique usod, the measurement of §
i3 muoli more aceurate than that of Gy, sineo tho scouracy does not decrease with
deoronsing dynanio pressuro, Thisimproved acouracy is apparent from the small
sealtor in S(It).

0f much significanco also is the fact that at our measuring station, vortex
shodding was not observed at B < 35 x 109, although observations were made
2tall Reynolds numbers down to 0-0 x 10¢, The onset of shedding at 2 = 3:5x 10°
wes quite definite. Below this value no peak fraquency ocourred; above this
value there appeared & strong spectral peak, well above the turbulence level,

a5 T T
belany & Sérensen
o0
° o
o4 2 2
. : 274
03 s -
s ' ’ Relf & Simmons oo bbef
' b . Roshk
02
Ribacr & Eikin~"
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o -
101 10* 106 107
f R

i
T1oune §. Strouhal nuinber of vortox shedding frequency.

Tho (someowhat lower) harmonic (i.e. doublo the shedding frequency) nlso
appeared, os is typical ab suberitical Reynolds numbers for a hot wiro not too
far off tho wale contreline. Although wo were nob able to male correlation
measurements, say, at two wale positions, we have little doubt that what was
observed was vortex shedding similar to that below R = 108,

This raises the question of why wo did not observe the frequencies reported
by Delany & Sorensen (1953) at values of R between 10° and 2 x 10°, The Jatter
moasurements (as those of Relf & Simmons 1524) were made with a probe only
1or 2 dinmeters behind the oylinder, whereas ours was 7-3 diameters downstream
of the cylindor axis. It was not possible to move it closer during the course of
our experiments, We shall reburn to $his point later. :

Relf & Simmons {1924) noted that an increase in shedding frequency is accom-
ponied by o decrease in drag, and vice versa, This is illustrated in figure 8, in

- which Gy and 1/8 are plotted over & wide range of values of &. :

) - (e) Effect of the splitter plate
Experimental points for which the splitter plate was installed behind the
eylinder ate indicated on the figures by flagged symbols. The main effeots of the
splitter plate aro as follows. (i) The shedding is suppressed; there is no indication

of a peak in the spectrum. (ii) The plot of ; (figure 2) indicates a small decrease
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.in € at values of B above 3+5 x 10, but no effect at all at lower values. Thisisin
‘eontrast to the marked effect at suberitical Reynolds numbers observed in an
earlier investigation (Roshko 1935). Evidencs of a decreaso is moro obvious in

figure 3, which clearly shows a decrease in —(f, at B > 3:5x 100, (iii) Therojs . -

no significanteffect on the pressure distribution, otherthan thatrelnted tochanges
in the base pressure; the distributions are all similar to the example givon in
figure 4. . o :
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Frourw 6. Drag ooeﬁioienty:;a reciprocsl of Strouhal number.

Unfortunately, it was not possible to go to Reynolds numbers as high asin the
experiments without the splitter plate, because ab the higher dynamie pressures
sovere flutter developed at the trailing edge of the splitter plate. The reason for
this flutter is nob clear; apparently it was not connected with vartex shedding
off the oylinder, since this was.suppressed by thoe plate. Possibly shedding off
the trailing edge of the splitter plato itself had an effect.

5. Ideas about the flow ‘

Tt was not possible in these experiments to make a detailed investigation of
the wake structure, but from the results obtained we tentatively propose the
following picture of the wake development.

y (a) Transitions and characleristic ranges ]
The lower, or critical, transitionat 2 x 105 < B < 5 x 108, from high to low values
of 0, is followed by another (upper) transition, ab 108 < B < 8:5 X105, t0 & now.
plateau on which the coefficients have the following mean values: G = 0-70,
G, = —0:86, § = 0-267. (Possibly the wholo range from I = 2x 10° to 3:5 x 10°
could simply bs called the transition range.) For ¢convenience in referring to
them, we call the range on either side of the lower transition ‘subcritical’

-3-
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Flow past a circular cylinder at high Reynolds number

{0y = 1-2) end ‘supororitical’ (G, = 03), respectively, according to established
custom; ot us onll the platesu following the upper transition ‘transeritical’
(G'd = 0‘7). .

‘As s woll known, the (critical) Roynolds number a6 which the lower transition
ocours cen bo lowered by introducing turbulonco into the flow. or roughness on
the oylinder; wo may oxpoct a similar effect on tho upper transition..

In the lowor transition the wake width d,, decreases from values larger than
tho oylinder diameter d to values smaller then d, as the separation point moves
from the front to the back of the oylinder, In the upper transition, the indication
is that the wako ‘opens’ again, the separation point moving forwerd. However,
it does not move to the front of the cylinder, and d,, remains Jess than d. This
view is supported by the form of the pressure distribution {figure 4) and by the
values of 0, and § at transcritical Reynolds numbers; tlio reasons are cutlined
in the next section. ,

A rapid opening of the wake would also explain tho fact that, for the narrow
wakos, we did 110t obsorve shedding frequencics 7 diameters behind the eylinder
vhercas Delany & Sorenson did observe them close to the oylinder.

Cp=Cp

“Typc A(dJd> 1) TypeBU A<

Fiaune 7. Free-streomline modol for relating busa pressure coofficient to wake width.

% (8) Free-stremmline model .
It has been found useful (Roshko 1954, 1955; Eppler 1054) to represent tha mean

flow in the vicinity of the cylinder by a free-stroamline flow having the character- -

istics sketched in figure 7. In this model, the pressure on the wake boundary is
constant (C;, = C, ») from the separation point s to a point ¢ at which the boundary
becomes parallel to the free stream. Beyond ¢ the wake width remains constant
at the value d,, while the pressure recovers to the free stream value, .In & wake
of type A, which is charnoteristic of the subcritical region, scparation is on the
front of the cylinder, and &,,fd > 1; for type B, which is characteristic of super-

critical and transeritical fow, separation is on the back of the cylinder and -

dyfd < 1. . :
w,In some earlier work (Roshko 1054, 1055) we had postulated that the shedding

'frequenoy n must depend only on the wake parametors d,, and ¥, = V(1 LY

and that in torins of thess there must bo a universal Strouhal number, defined by

§* = nd,,[V,,, which is independent of the body producing the wake. Thus, it is

related to the conventional Strouhal number § = nd{V by

ES? - %%@ = %(1;0,,”)!-. T
: ' Tnid Mech. 10
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.From experiments] determinations of § and G,,, for circular cylinders, wedges
‘and flat plates at suberitical Reynolds nurbers, and from tho theoretical rolation
between O, and d,/d for flows of type A, wo concluded that tho wniversal
Strouhal number has the value §% = 0-18,

Now if the nature of the vortex shedding at transeritioal Roynolds numbers is
basieally the same as ab subcritical values, then the universel Strouhal number
should apply to this range also. We corroborate this as follows. It can be shown
from & simple momentum consideration (Eppler 1954) that, for flows of the type

shovnix figore 7 Oa= (=G @l ®)

Applying this formula to our measurements in the transeritical range (type B),
we obtain d,/d = 0-70/(0-86) = 0-8], This value in equetion (5) then gives
S = (0°16) (1-86)}/(0-81) = 0:27, which checks very well with our mean experi-
mental value 0-267. . .

_ These measurements scem to confirm, then, that at trenseritical Reynolds

numbers d,,/d < 1, but the vortex shedding is othorwiss similar to that at

suberitical values;. I . .

Attempts to meke similar coleulations in the supercritical régime are un-
successful. Taking experimental values of C; and Cp, from several sources, we
find that caleulated valites of d,,/d vary from 0:3 to 1-2, tho latter clearly in dis-

. agreement with observation, and csleulated values of § vary from 0-15 to 0-7.-

We must conelude that cither the experimental data in this region Is inaccurate,
dus to an inherent capriciousness of the flow, or the frec-streamline model is
inapplicable hers,

(c) Effect of the splitter plale

Inexperiments at suberitical Reynolds numbers (Roshko 1054) it was found that -

‘s splitter plate has a strong inflzericc on the flow. Briefly, the fow changes from
one with alternate shedding to a steady symmetrical flow in which the separation
strenmline Teattaches on the splitter plate, forming two closed recireulation
regions on éither side of the plate. At Reynolds numbets of the order of 104,
G, changes from 2bout — 1.0 to —0+5 and C; from 1:2 to 0-7 {cf. figure 2). °

The present experiments with a splitter plato at transoritical Reynolds nurn-
bers, while rather limited, due to the futter ‘problom mentioned earlier, also
indicate & definite effect, The vortex shedding is stopped, C,,, is changed from
—0-86 to —0+76; and G, is changed from 0-70 to 0-63; the changes in the coef-
floienta are not nearly so spectacular as ab suberitical Reynolds numbors.

Tn the upper transition leading to the transeriticel régimo, the splitter plate
appears to produes no effect whatsoever on G and Oy, This raises the question
as to whether, in the superoritical régime, there is true vortex shedding; inter-
forence with the alternating flow thet must aceompany vortox shedding should
produce some effect.

In the experiments by Fung (1960) who measured the fluctuating forces oria

cylinder 2t Reynolds numbers up to 14 x 10% no definitely pericdic force was
observed, in contrast to the ease ab suberitical values {Ribner & Etkin 1058).
Unfortunstely we were riot able to look for the frequencies reported by Relf &
Simmons and Delany & Sorenson and to observe the effeot of the splitter plate

22 |
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on them, since we could not shift our hot-wire probe to a position near the

eylindor. o .
- . (&) Nature of the transitions

Tho oxistonce of the upper transition makes it somewhat difficult to interpret -

the flow in terms of the classical description of the critical Reynolds number,
whicl: is roughly as follows. ‘At suboritioal Reynolds numbers the separation is
Jaminar, and occurs ealy, on the front of the oylinder, With increasing Reynolds
number, transition in the boundary layer moves ahead of the laminar separation

poins, the now turbulent boundary layer ean withstand a greater pressure rise, .’

2and so separation moves to the rear of the oylinder, with a consequent decrease
in the drag coefficiont.” To include the new results in this picture wo would now
have to say that in the upper transition o turbulent separation moves forward,
finally reaching a stationnry point, still on the back of the cylinder, and Gy
becomes constant. C ' .

It is probablo that the actual events are somewhat more complicated. Bursnall
& Loftin (1951) have peinted out that in the supereritical rango there is evidence
of a laminar separation *bubble’, that s, a localized region consisting of a Jaminar
separation, transition, reattachment and turbulent separation. Such bubbles
have been observed to play an important rolo in the stalling of thin airfoils. The
oceurrence of n bubble is indicated, for instance, by & ‘flat’ in a rising pressure
distribution, such as that ot about & = 105° in Flachsbarb’s curve (figure 4).
If the rogion of localized scparation is small, the flab may not bo so definite.
Tt is possiblo that n separation bubble ocours throughout the supereritical range.
On tho othor hand, it is certain that ot suffieiently high Reynolds number there
will be no bubble, Wo suggest- that the disappearance of a separation bubble
characterizes tho transition from the supereritival to the transecritical régime.
(Wo are indebted to Dr I. Tani for a discussion of this point.) This suggestion
is tentativo, subjoct to further experimental investigation, bus we have no other
explanation of the uppor transition. ) )

Thus we would propose the following classification: at suberitical Reynolds
numbers the separation is laminar, in the supercritical range there is & laminar
separation bubble followed by turbulent separation, and in the transeritical
rango the soparation is purely turbulent.

6. Concluding remarks

It is unfortunate that the.time available for our experiments was too short to
pormit an invostigation of some of the points raised in the preceding paragraphs,
particularly since failitics for obtaining such high Reynolds numbors are not
gonerally available. But even in the moroe accessible range of supereritical
Reynolds numbers, additional work is needed. The quostion of vortex shedding
in this rango needs more attention and a study of the development of the laminar
separation bubble would be useful, :

We are loft with tho question concerning the asymptotic nature of the flow for
R >0, What would be the further effect of increasing B beyond the values
reached in our experiment? It scems unlikely that there will be any further
transitions, since the point of boundaxy-layer transition can now only move
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smoothly forward on the cylinder. This may affect the location of the separation
Yoint, but can hardly bo expeeted to produce rapid changes. There is thon the

_question of Reynolds number effects on the flow in the wako, To dotach this

problem from the problom of separation it would bo vory usolul to have o sob of
experiments on o flab plate normal to the flow over as wido a rango of Reynolds
numbers: as we now have for the cireular oylinder. For a plate (or for other
sharp-edged configurations, such as wedges) the separation point is fixed at the
edge, and changes in Gy, G,y and S must be dependent only on the effect of B on
the wake mechanism, Such mforma,txon shomd indieate the trend for R - co.

" 'We are mdebbed to the many peopls whose co-operatxon made this crash
program’ possible, The wind tunnel time was doneted by the CWT owner com-
‘panies, erews of the Guggenheim Aeronautical Laboratory and CWT assisted
with the experiments, and the Fluid Mechanics group of the Jet Propulsion
Laboratory provided instrumentation. David Russell and Dorothy Diamond
assisted with the expenments and the computatxons, respechvely
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Influence of surface roughness on the cross-flow
around a circular cylinder

By ELMAR ACHENBACH
Institut fiir Roaltorbauolomonto dor Kemforschungsanlage, Jilich GmbH

(Roceiyed 1 June 1970)

Tho influenco of surfaco roughness on the eross-flow around & circular eylinder
is the subject of tha presont experimental work. The investigations were carried
out in & high-pressure wind tunnel, thus high Reynolds numbers up to
Re = 3% 10°% could bo obtnined. Local pressure and skin friction distributions
were measured, Thoso quantities were ovalunted to determine the total drag
coefficiont and tho -percontage of friction as functions of Reynolds number
and roughness parametor, In addition the loeal skin frietion distribution yields
the angular position of boundary-layer transition from laminar to turbulent
flow and the location of boundary-layor soparatlon

5

1, Introduction . : ] : ;

Heat transfor and pressure drop of heat exchangors working in nuclear
reactors aro generally influonced by the suiface roughness of tho tubos because
of tho high Reynolds numbers, which sre necessary for eliminating heat from
the core. The prosent results reforring to the cross-flow around a fough circular
cylinder are preliminery investigations to classify rouglmess.in an appropriate
systom. The experiments are carried out in a range of Reynolds numbers
4% 10* < Re < 3x 105 Thus o comparison with the results of Fage & Warsap
(1930) is possible; they tested the influencoe of roughness from Re-= 2:5x 104 to
Re = 2-3x 105 On the other hand now results aro available for the transeritieal
flow régime, as the ‘actual mvesmgatxons oxceed the range studied by Fage &
Warsap by the factor 10.

Local pressure and skin friction dnsbrlbubxons were measured. In rough
squate ducts the probes were calibrated and then transplanted to the tost
oylinders. This was possible by using emery papers as rough surfzces. In that
way two roughnesses were tested. In a later.run a third additional roughness
realized by gluing 2-5 mm spheres on the surface was investigated. Unfortunately
for this caso there was no facility to calibrate the skin frietion probe installed,
50 skin frietion distribution ean only be evaluated qualitatively.

The integration of the local values of statio pressure and skin friction yxelds
the total d:ug coeffibient c,. Furthermore one gets knowledge of boundary-layer
soparation and transition from laminay to turbulent flow.

et
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_'2.Experimental arrangement

- The oxperimental apparatus has already been dosoribed by Achonbach (1068)
in a previous paper, which deals with investigations on the cross-flow past o
smooth circular cylinder, To facilitate short informo.tion the most important
details ara repeated in the form of a table:

Wind tuanel Closed atmospheric cirouit, alternetively high pressure
wind tunnel

Test ssction 0ross~sacti?h:'500 % 900 mm

Test cylinder Diameter D = 150 mm, length | = 500 mm )

Fluid . Air of T' = 60°C ab static pressure of 1 < Pyt < 40 bar

Turbulencs lovel Tu = 0-7% in the free air stream

3. Measurement techniques and calibration procedure

In principle the determination of local static pressure and skin friction can
be verified in the same way as it was done for the cylinder with & smooth surface.
Both probes are mounted at the sime generator line of the test cylinder, which
could be rotated around its longitudinal axis. However, the manufacturing of the

rough surface by gluing emery paper leads to somo difficulties in installing and

calibrating the skin friction probe,

- The prineiple of this probe, which is shown in figure 1, is based on tho measure-
mont of the pressure difference at an odge, which transvorsoly projocts ouly
some hundredths of @ millimetro into the boundary layer. If the height % of the
probe is low enough, the quantity of the pressure difference Ap, doponds on the

wall shear stresses 7, only. With respect to the very small sizo of the edge it

must be teken into account that tho surroundings of tho probe must not be
changed during the time from calibration to measuremont. As we saw no possi-
bility to carry out the calibration at the rough surface ‘of tho test cylinder, we
had to transplant the probe with its surraundings into a known flow. The way of
doing this is deseribed below.

The skin friction probe and the tap for the static pressure are fixed at a thin
steel foil (0+15 xam)). The length of this foil is equal o tho circumference #.D and
the width is equal to the diameter D of the test cylinder (figure 2(a)). This test
foil is covered with & selected emery papor, which rcpresents the roughness to
be investigated.

‘Ina second stop (figure 2(b)) tho test foil is mounted into a squaro duct, which
is covered inwards with the same emery paper. The rough-channel flow was
taken as the calibration standard of the probe. The advantago of an easy rans-
plantation from channel to cylinder, compared with the cireular tube, is paid
with the difficulties resulting from the secondary flow in the square duct; for
here the distribution of wall shear stresses is nob uniform at the cireumference
of the channel cross-section, Therefore the skin friction profilo must be deter-
mined, For this purpose & Preston tube was calibrated in a corresponding rough

— 39 —
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Flow past rough cylinders at kigh Re
circular tube beforo al;plyin g it to tho channel flow, Figure 3 shows 2n example
of tho rosults of skin Iriction distribution in the squaro duct discussed later on,
With theso valuos of loenl skin friclion avuilablo the probo could be calibrated.

lt—e § —>]
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Freore 1. Skin friction probe, dotail, Dimensions in millimetres.

The dimensionless preséntation of the calibration curve has the form
Apefry = flbp ool ka/h).r 1

whore'h, is the height of the edge, %, Nikuradse's sand-grain roughness, p the
finid density and 9 tho fluid viscosity. As the geometrical parameters £ and £,
must not bo changed within cach arrangement, their influence can be described
by & constant, which is implicitly contained in the calibration curve. For this
case (1) simplifies in the following way:

Bp,ro = flelbp.p)- - @
The constint ¢ hés the dimension m2,
On the other hzmd the channel test ylelds the friction factor of the square duct

V=t wmi ‘ ®
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Frount 2. Calibration pmcedur.a of the skin-friction probo.

‘
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Flow past rough cylinders at high Re

29 & function of Reynolds number, whero Z is the length and D the hydraulic
dinmotor of tho duct, Plotting this result into Nikuradse’s diagram for the flow
through rough pipoes (Nilkuradso 1933) tho equivalent sand-grain roughness of
the presont roughness combination can bo dotermined (figure 5).

In a Inst stop tho test foil, prepared with the calibrated skin friction probe, is
transplanted to the test eylinder (figure 2(c)).

Of course, the calibrating procedure just described must be repeated for each

roughness investigated,

10-2

Mean value
calculated from
pressure drop

U 3

=

Tolp
-

103 T
0 02 04 06 08 1-0
(=/D); 4D}

Fmtmn 3, Local skin friction at tho ciroumforonco of & squaro duct.
Re = 6x10%; k,/D = 450 10-%,

4. Results ‘
4.1, Preliminary fesls

In this scetion results are given, which aro to be considered in connexion with

the calibrating methed. Figure 3 shows the distribution of local skin-frietion
coofficient (7,/pU?%) = 4 along the circumference of the cross-scetion (/D),
respoctively (y/D) of the squars duct. The eurves refer to two neighbouring
walls, perpendicularly situated to omo another. Becausé of the secondary flow
in the duct the profile is not uniform. Verifying thoe calibration of the swrface
edge, the real local values, measured with the calibrated Preston tube, are used.
Tigure 4 represents axi example of the calibration curve obtained in the described
way. The cross symbols rofer to twhbulont boundary layer and calibration by
means of chahnel flow. The results sxgmfymg the laminar flow aro caleulated
from the pressure distribution around the rough eylinder for the laminar part
of the houndary layer. Both parts of the orve have been applied alternatively

to the evaluation of the cross-flow around the cylinder depending on the .

cheracter of tho flow. In the lower region the laminar and turbulent cwrve

— 42 —

ey




B, Achenbach

eoincide. With inereasing Reynolds number the valuesof the turbulent rough-
channel flow aro approaching a constant value; that means that tho prossure
difference felt at the edge is proportional to the local wall shoar strossos,

BT
H
s )
oL 2 °
-E 1o TP;PO . A K KT XXE X 200 s Moel3 Ko Xyedg
& ] x! :
< 3 . o:)box
5 n g
I qf°
- .
2
I i - e
107t 2 5 1 .2 5 10 2 5 10 2 5 10

Ap.pin®)

Fraurs 4. Calibration curvs of the skin frietion probo et &,/D = 460 % 10 -4,
%, turbulent; O, laminar,

Tigure Srepresents Nikuradsé’s (1933) famous diagram concerning the pressuro
loss of the flow through rough circular pipes. As mentioned above, this diagram
was used to classify the roughness of our emery papers info the system of the
equivalent sand-grain roughnoss. For this purpese the results of the rough
squara ducts are plotted into figure 5. On account of the constant friction facter
at high Reynolds numbers the , classification could easily be made by means of
the suxiliary disgram (figure 6) derived from figure 5. The high Reynolds
numbers (Re > 6 x 10°) were achisved by corrying out the experiments in the
high-pressure wind tunnel. .

4.2. Drag cogfficient

In the range of Reynolds numbers 10° < Re < 8x 10° local values of static
pressure and skin friction have been measured as o function of the angle of
circumference @. For Reynolds numbers Re < 10° the signal obtained from the
skin friction probe wes too small, so only the statio pressure has been determined.
The integration of the local stresses leads to the total drag coefficient ¢4, which
is shown in figure 7 depending on Roynolds number. The parameter is the
roughness cocfficient %,/D. The results for the smooth cylinder which had &
maximum total roughness height of 2 gm measured in axial direction are taken
from earlier investigations (Achenbach 1968).

The curve representing the drag coefficient, as a function of Rcynolds Hismbes
can be divided inte four parbs, asshownin figure 8. Each of these ranges is chara
terized by a special boundary-layer behaviour, which js discussed in the nexﬁ
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Fraune 6. Prossuro drop coofficiont § of rough giveular tubes (aftor Nikuradso 1933)
. and squaro duets as furiction of Reynolds number.
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Frouzz 6. Prossure-crop coofficiont of complotaly rough flow through cireular pipes
versts roughness perameter %,/D (from Nikuradse).
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Fiaune 7. Drag coofficiont of rough circular oylinders in cross-flow
versus Roynolds numbo octed for block offocts.

paragraph. The suberitical flow régime is not yot influenced by tho surfaco
roughness. In a large renge of Reynolds numbor the drag coeflicient is nearly
constant. Increasing the Roynolds number the drag coefficioiit suddenly drops.
. This rango, the lower limit of which is dependent upon the roughnoss conditions,
is denotod tho eritical flaw régime. Exceeding the Reynolds number of og
minimum the drag coefficient grows up again (supercritical range) and reaches
2 nearly constant value in the. transeritical range. This ‘transcritical ‘drag

Subcritical _ | Critical ) Supereritical, _ Transeritieal

(23

- Re .
"Fiauns 8,.On the, do_ﬁnibiﬁn of the four flow ranges at tho flow past circular cylinderé.
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Flow past rough cylinders at high Re

coefficiont’ inoroases with rising roughness parameter. As no absolute values of
wall shear strossos woro availeblo for. the ease of spherical roughness to calculate
tho drag coolliciont, the percentnge of friction forces was estimated to be 1%

in tho suberiticul flow régimo and 3% in tho eritical, supereritical and trans-

aritical flow ragos.

12 : g

10

M T
900x 10-%
700 10-*

400 10~ -

€
0-6

04

50x10-3

02 - .
2x10* 4 6 8 10% 2 4 6 ' 8-10° T2 a4

- Re
Fiuure 9, Corrcetod draj coofficient of rough ecirculat eylmdors in cross-flow, Compn.rlson
with rosults of Yago & Wm-sap (1930). . Ay &/D = 110 x10-5; o, lfD = 450 % 10~%;
o ,[D = §00x, 10-‘ ~, Fago & Warsap (1830). -

"The mvostlgntmus luwo bcon ‘mado n’o a bloekuge wtxo D B =16, where B
is the width of tho test section. Figuro 0 shows the drag coefficient corrected
aecording to. the formula. of Allen &.Vinconti (1944). ‘The. correction was per-
formed even in tho region of strongly changing drag coefficient, though the
application js rather doubtful here, as mentioned nlso by Roshko (19G1). As
to be seen from the example of the suberitical flow, where ¢, = 1-2 is expectod,
an over-correction occurs for our case of blockage ratio. Nevertheless, these
values were compared with the likewise correeted results of Fage & Warsap
(1930). It is remarkable that Tagé & Warsap did-not find any dependency of
drag coofficient on blockago. Their uncorrected values measured for the blockage
ratios D:B = 1:6, D:B = 1:20 coincide in the suberitical flow range. That
means that tho corrected curves split in this comparable region.

In their original paper Fage & Warsap (1930) gavo no details concerning the

relative roughness parameter k/D. Later on their results wore cited by Schhchtuw
(1964, p. 614), who added information about the swrfaco conditions. Comparing
those revised results with the presont deta the agreement is rather satisfying
with regard to the investigations on emery paper. Applying the results of
TFage & Warsap to our spherieal roughness, the parameter would have the value
kJD 2 900 {figure 9), On the other hand the diameter of the glued spheres is
d = 2:5 mm. That leads to kD = 1650, assuming that & = d. Trom this it can
be concluded that for the case of circular cynnders the eqmvalenb sand-grain
roughiiess is not 1d but only 0-56d. In thls connoxion the investigations on the
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flow through a rough square duct made by Schlichting (1836) should be mon.
tioned. Ho found in his experiments carried out for the caso of the most compnct
but regular arrangement of spheres at the surface of tho square duet thab the
equivalent sand-grain roughness had a value of &, = 0-627 d,-

In. oyt
: m " Skin friction
50 .
% .
X
2 051
=1
T
L n‘\. 30
0
nt
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&
é o »o.gua_-o-o-o—o""
Static pressure
-2

R4

Froure 10, Loosl pressure and skin friotion distribution of tho rough oircular cylindor it
cross-flow {k,/D = 110% 10°5), Values uncorrected for tunnel blockago. “T* - moans
boundary-layor transition. Re: 0, 18x 105 x, 24x10% [, 43x 105 A, 66 % 10%
ey 30 % 108 . ‘ ,
] 4.3, ZLocal pressure and skin frim'ori distribution . -
Figures .10 and 11 show several characteristio distributions of loenl static
prossure (p—12,) and skin friotion 7o, valid for the two roughnoss grades investi-
gated, The static pressure was made non-dimensional by the dynamio pressurs
{3pU%), swhere U, is the velocity of the undisturbed flow. In a similar ey the
local shear stresses were presonted in a dimensionless form by using doublo the
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dynamie pressuro ag roferonco prossuro. The latter presentatmn results in this

“form from tho momentum ofuation of the boundary layer. In that régime,
_whoro tho flow is influoneed by tho roughnoss of tho surface, tho diameter of the

eylinder is no longor tho characteristic length, Thorefore the normalizing factor

>

/ . ' Skin friction

100 x 7,{p U2,

Static pressure.

(P—2)30U%
o

-2 T W.
Fraure 11, Loeal pro and skin friction distribution of tho rough circuler oylmder in

cross-flow! (k,lD = 460x 10-5). Values uncorrectcd for tunnel bleckage. ‘T’ meons
boundary-layer trunsxtlon. Re: o, 1:0x 105; [, 1:7x 10%; A, 3:0x 105

[U,. Dy}, which is known from the Taminar flow, docs not appear as part of
the frietion coefficient.. Of course; this presentation is not rolovant for the

suberitical ‘flow along the rough -surface, but it wes applicd to facilitate the

comparison at various Reynolds numbors.
From the Jocal pressure and skin frietion dxstnbutlon tho bohaviour of tho

boundary layer can bo obscrved, The position of zero skin friction indicates the
separation of the boundary layer. The transition from laminar to turbulent flow

el
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is accompanied by a sudden rise of wall shear stresses. For angles of ciroumference
greater than ¢’ = 25° the transition point can be deberm.med with an uncertainty
of only some degrees, assuming that the transition ocours ot that position
whero the moasured curve doviates from the suggested laminar tracoe. In figures
10 and 11 thoso points aro denoted with *T"’. For angles smallor than ¢ = 25°
the experimontal determination of the transition point is of moderato nceuraoy,
becauss the local gradient (drofdd) is too steep near the stagnation point.

The oxperiments show that in the suberitical low régime the boundary layer
separates laminarly in the front portion of the cy]i.nder as & consequence of the
frietion forces. With increasing Reynolds number the ratio of inertial forces to
friction forces grows wp. Besides, the disturbances produced by the rough
surface support the boundary layer with energy from outside. Thus these two
effects cause the boundary layer to'be adjacent to the wall over,a larger distance.

"The shifting of the soparation point to the back of the eylinder leads to a re-

covery of the baso pressure and thercfore to & reduction of the drag coeflicient.
However, the separation is still laminar. This eritical flow range indicated by the
sudden decrecase of o4 is rather unstable and sensitive. Thus accidentsl distur-
bances cause an incaleulable change of the flow. Probably this is the reason for
the odd pressure distribution at Re = 1-3 x 105 in figure 10.

At the Reynolds number where. ¢, is minimum, laminar separation and
turbulent reattachmont occurs. This phenomenon of tho so-called separation
bubbles could bo observed for tho caso of smooth surfaces in a large rango of
Reynolds numbers. (3x 10° < Re < 1:6 x 10%). Howover, it is restricted to o
narrow flow rarige if the surface of the cy]mder is rough

. In tho supereritical flow Fégime, where °q is increasing agnin, an immediate
transition from laminar $o turbulent flow is to be observed, With increasing
Reynolds number the transition point shifts from behind the main cross-section
to the neighbourhood of the stagnation point. Finally the drag coofficient has
reached o new plateau. The transeriticel flow range is developed, where the
entire boundary layer is tu.rbulenb except a small region neor the stagnation
point. .
In ﬁguro 12 the shifting of the transition point as a funotion of Reynolds
number is presented for tho threo roughnesses tested. Large roughness heights
causo strong disturbances and therefore lead topremature transition.

TFigure 13 gives information on boundary-layer separation. Corresponding to
the magnitude of the drag coefficient the separation-point moves between the
front portion and the back side of the cylinder., Low drag coefficients mean large
values of separation angles and vice verssa.

4.4, Friction forces

Concerning the percentage of friction forces on the total drag, similar observa—
tions can be mads both for the rough- and for the smooth-surfaced eylinder:
in the range investigated friction forcos contribute only a few per cent to the
flow resistance. This resulb, which is illustratod in figure 14, can be obtained
by the integration of tho loeal pressure and skin friction forces. Whereas
the percentage of friction diminishes for the ease of the smooth eylinder in the
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Flow past rough cylinders at high Re

transcritical range with increasing Roynolds number, it remains at a nearly
constunt lovel for the rough eylinder. As tho total drag coefficient has a constant
valuo, this result is in good agrecoment with the suggestion that in the trans-
critical flow range tho magnitude of wall sheer stresses is indopendont of the
Roynolds numbor Ie = U, Dfv, but only.a function of the roughness parameter
k,/D.
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Iune 12, Circular cylindor in cross-flow. Angulnr position of tronsition laminar—
turbulont ot various roughness parsmotors. A, k/D = 110x10-%; O, k,/D = 450x 10-%;
O, k/D = 900x 10-3,
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Froune 13. Cireulor oylindor in eross-flow. Angular position of boundary-layoer
soparation at variéus roughnoss paramotors. Symbols es in figuro 12.

— 50 —

-}




fory

B. Achenbach

5. Concludmg remarks

The actual results allow one to deseribe the phonomcnu, which ooeur at: the
cross-flow past rough eylinders. As known from earlicr investigations, incroasing
roughness parameters cause dooreasing eritical Roynolds numbers, In the trans-
critical flow végime higher drag coofficients correspond to higher roughness,

AN

S

4
e, °op,,
2

s %), °/

Re

Frotee 14, Circular oylindor in cross-flow, Percontnge of friction forcos
with rospect to the botnl drag. Symbals asin ﬁguro 12.

The roughncss parameter k,{D chosen in our presentatmn is of less physienl
moaning than of practical profit. From the physical poin of viow the boundary-
layor thickness & must be introduced us the reference longth, so tho roughness
parameter might have the form &,/9, Tor the case of flow through pipss this
dofinition loads to the expression %,/8 = 2(k,/D), vhere k,/D then is a parameter
physically relevant as well as practical. However, the boundary layer of the
cylinder in cross-flow varies with angular position and Reynolds nimber.
Therefore one prefers to introduce the diameter D as auxiliary characteristic
length. Remembering this fact one understands that thers is no direct physical
relationship between the roughriess parameter k,/D valid either for thie pipe or
for the cylinder, On the other hand it must be expected that, on aceount of the
thin boundary layoers, still small roughness heights havo an important effect on

. the flow,

The ealibration of tho skin-friction probe is considered to bo a sovere problem.
The method used seomed to bo the only practicable facility to got knowledge
of the local wall shear stresses. Whereas the impondorables of the rough surfaco
are included in the calibration curve by the transplantation method, the effeet
of variable pressure gradient could not be taken into account. However, the
probes are of a similar Small size as used for the measurements at the smooth
cylinder. For that case the comparison with the theory showed a good reliability
of the skin frietion probe. This was the reason that we dared to apply the probe
to the rough-surfacod cylinder, though being calibrated in & flow with small
pressure gradient, '
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Besides the many difficulties which result from the statoment of a uniform
transplanteblo surfaco-roughness, thore is atleast ono advantage: the problem
of promnturo snparation of tho boundary layer offected by the probes is no
longgor csauntinl, boenuso tho probos immorse into the roughnesses of the surface,

Considoring figure 5 it is noticeable that in the region of transition from

hydruulienlly smooth to completely rough channel flow, the friction coofficionts
show a behaviour different from Nikuradse's results. This effeet is probably
caused by the differont characters of roughnesses investigated. An analogous
influence can bo observed comparing tho drag coefficients of the cylinders
roughened cither by gluing spheres or emery paper.

The investigations have been carvied out in the high-pressure wind tunnel
of the Institut fir Realktorbauclomente der Kernforschungsanlage Jitlich,
Bundesrepublik Doutschland. The author wishes to thank all co-workers, who
mado a contribution to o successful performance of the experiments. Especially
he wants to express his gratitude o H. Gillessen, F. Hoffmanns, H. Regor,

- W, Schmidt and G. Tiirk, who undertook responsibility for the preparation and

conduetion of tho investigations,
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7396 The flow induced oscillation of

marine structures

R.'N, SAINSBURY, ma, mice
D. KING, sse. acct*

Areport is given of oscillations of piles and structures experienced during the con-
stzuction of Imtmingham Oif Terminal, The i igations into these ph and

e resuliing design modifications are recounted.  Some ideas are proposed for the.

kelp of designers of similar structurcs until such time as research provides & more
complele answer.

Notation

A i arca of in cy
b cylinder diamcter

E Young's modul
H

1

L

for material of cy
depth of water .
inertia of section of cylinder
_cylinder lenpth
elfective mass per unit length of cylinder
M2 cquivaient mass per unit length of cylinder
M, - mass of capping of a pilcd structurc
n mass per unit length-of cylinder .
My mass per unit length of water displaced by cylinder
N _natural frequency of eylinder or stricture (Hz)
u frequency of shedding of vortex pairs from the sides of a cylinder (Hz)
t periodic time, 1[N .
v flow velocity R
¥y displacement mode of a cylinder-oscillating in one plano of freedom
& logarithmic decrement of the structural damping (the naturat logarithm
of the ratio of the amplitudes of successive cycles of oscillation in vacuo)
P density of fluid . )
M3,
pD3
nd
4

the structural damping coefficient, k&,
the Strouhal number

)4 -
B reduced vcla.cxty
Introduction ' o -
This Paper is not a record of the design and construction’ of Immingham Oil
Terminal: it is an account of ong aspect of that work which will be of interest
and of importance in the design of other marine terminals, It is not a record
of how vartex induced. oscillation of the structure'was foreseen and effortlessly

overcome. The problem was not forescen; it.was encountered at the peak of
consteuction activity and caused great difficulties. During these difficultics

Ordinary meeting, 5.30 p.m., Tuesday, 5 October, 1971, Written discussion closes 31 October,
1971, for publication alter February 1972, .
* Jolin Mowlem & Compuny Limited,

Reproduced by permission of the Beltish Docks Board

Fig. 1{a)

it became clear that the problem was not: widely understood. This Paperis
presented in the hope that the attention of engincers may be directed towards
its understanding and that others may be spared the pitfalls which besct out
path. -+ - : - . o et

2, Immingham Oil Terminal (Figs 1(a) and 1(b)) on the south bank of the
Humber stretches more than half a mile from the shore into water with a mead
depth greater than 75 ft which during spring ebbs reaches a velocity of 5 knots.
Hclically wclded steel piles were used, of wall-thickness 0-5 in. and of diameters
between 24 in. and 30 in.  The berths and dolphins have heavy concrete decks
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THE FLOW INDUCED -OSCILLATION OF MARINE STRUCTURES SAINSBURY AND KING
: ) ’ but the pipeways :ue of opcn constructxon, consnstmg o‘ steel bents at 0%
centres: 2 typical bent is-shown in Fig. 2.

: 2, The resonant excitation of structures in air due to vor:ca shcddmg hiy
 Bertho. ¢ DerhiNo.2 - - long been known to engincers, and was the subject of papers by Scruton and

< FEZ Fliat? and Wootton.? Similar effects in water have been noted either g
\-. nlnkvny

reported phenomena or as design considerations,®~% - The oscillations cn.
\

countered at Immingham-were remarkable not only for the vigour with which
they occurred and the size of the members affected but also for the fact tha
the motion was generally in line with the current instead of across it.

“The first observed oscillations -

4. The first indication of trouble came during construction at the root of
the coastal berth when it was noticed that piles in the cantilever condition,
“prior to the placing of capping beams, were. oscillating, some across the current

. and some in line. " The amplitudes were a few inches only and the mouon
stopped when the structure was completed.

8. There was clearly a possibility that this movement was caused by vortey
resonance and that if cantilever piles in shallow water (40 ft) were vulnerable
then propped or even encastré piles-might have sensitive natural frequencis
in the much decper water just beyand the coastal berths.

6. Specialist advice was therefore sought. The cross flow motion was
deemed to be due to resonant vortex shedding and any in-line-motion to resuk
from interference effects among this particular group of piles. A -considers-
tion of the natural frequencies of piles in the deeper water led to design
modifications to raise frequencics in the dircction across the flow, .

7. No alteration was made to the design of the standard bent (Fig, 2) in
cascs. where this was disposed across the current because the stiffiness of the
_capping beam was such that almost complete head fixity seemed assured and the
resulting frequency was high enough to avoid excitation.

8. Meanwhile test pile islands, consisting of cantilever piles  connected
together, were being driven in the deep water and there were reports that, on

. occasion, an.entire group of piles would sway with amplitude of up to 1ft
across the current.” - This.appearcd to'support the advice that the problem was
- one of cross current monon

— ¥S ~

Fig. 1 {b). Immingham Oil Torminal general arrangement
’ C Osciliation of the modified structure

9. . Construction advanced into the deeper water beyond the coastal berths
but then reports were received from site that piles in the completed structure
were oscillating, in line with the current,

L ' 10, The piles concerned were the longitudinal rakmg piles in the expansioa
) y , Vs E,p____,—q! e loop structure (Fig. 3). These piles, because of the nature of their head con-
méaée@ﬁ@@@@,\e @ £y

nexion, were pinned-headed ds far as vibrations in line with the current were
l lvl ] concerned although they were of course fixed headed across the cuerent, the

axis in which vibrations had been feared. The current, however, was inclined
to the line of pile head fixity, sometimes by as much as 20°, and it was possible

st - that the phenomenon was not in-line motion but a component of cross currenl

T motion. “Whatever the answer the immediate need was to stop the oscillation

Pl 50"t acsumed fxly Sevel . which was creating, 90 times a minutc, distortions in the 36 in. x 16} in.x

Fig. 2, Typical section through trunkway approach 260 Ib/ft sub-beam which were quite beyond common cxperience.  Additional
N
3

~~ l—'

2 I
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SAINSBURY AND KING

members were welded in to convert the weak axis of the pile head from 3
pinned to & fixed condition and this immediately stopped the motion,

The mechanism of vortex excitation

11.  As this stage advice was sought from the National Physical Laboratory
(NPL). Although no complete answer cxisted some misconceptions weze at
‘once dispelled. - . K

12...- The first point established was that in-line escillations were a recogoized
possibility which had, in a few cases, been demonstrated cxperimentally,

13. The exact mechanism of vortex induced oscillation is not yet fully
understood® but a simple idealized physical explanation may be given as
follows. As a vortex is shed it ind a ci ion round the cylinder in the
opposite dircetion to that of the shed vortex (Fig. 4). This temporarly
increascs the velocity on one half of the surface of the cylinder and decreases it
on the other, both by an amount ¥4, thus producing.a difference in the surface
pressure on the cylinder which acts in a dircction across that of the flow. As
the vortex passes downstream, its infl on the cylinder is reduced and the
resultant foree decrcases until another vortex is shed, from the other side, and
aforce produced in the other direction. The cross flow force is therefore of the
same frequency as that of the shedding of pairs of vortices.,

14. This fluctuating force docs not, however, act precisely across the

direction of the flow but has a small drag component. While for any con-
secutive pair of vortices the lift forces arc in opposite directions the drag come
poneats act always in the same direction, Therefore if the cylinder is fexible
and free to oscillate two forms of motion are possible:

{a) oscillation in line with the flow when the frequency of shedding of
single vortices coincides with the natural frequency, and

(&) oscillation across the flow when the frequency. of shedding of vartex
pairs coincides with the natural frequency,

15. ' The frequency of shedding pairs of vortices is related to the Strouhal
number zDf¥. This is gencrally accepted as having a value of approximalely
0-2 but has been shown? to rise to 04 when Reynolds number is near to its
critical value, though in such conditions the periodicity is much less marked.

16. Resanant vibration of a structure occurs when &, its natural frequency,
is close to the frequency of the exciting force, in this case » for cross flow
motion and 2~ for in-line motion. One would therefore expect to obsere
in-line oscillations when ¥/N.D (known as the reduced velocity) = 2-5 aad cross
flow oscillations when V/N.D=5-0. .

17. 'This naturally raises the question why if in-line resonance occurs ata
much Jower velocity than cross flow resonance it is not the predominant
problem rather than an almost unknown . pl . The force
docs act neacly at right angles to the flow and because of this the cross flow
force is, on a root mean square basis, at least an order of magnitude grealsr
than the fluctuating drag force which, despite resonance effects, is usually in-
sufficient to promote significant motion. .

18, A parameter that limits the amplitude attained at a particular xeduced

[
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wlosity' ND is the structiral damping coefficient k, or (2M18,)/(pd?), whete
3, the equivalent mass per unit length of the specimen, is given by:

JMy’dx
J.y'*’ dx

Htigh valucs of %, reduce amplitudes of vibration and, 4f high enough, will
\ppress motion until it is of no practical consequence,  Structures in air will,
aith only one documented exception,® have values of &, which fall into two
saegoriess

(@) ks is 50 high that the structure will not oscillate nouccahly cven at the
niost appropriate wind speed;

() ks is lower; the structure is vulneradle to cross flow excitation but not
to in-linc excitation.

19, It is beeause prol;lci'ns caused by vortex shcddmg have been largely
ceafined to structures in air that the in-line motion had been little studicd,
1nd has been ignored when considering practical structures.

20. Since p refers to the density of the fluid it can be scen that structures
ia water must have very small &, values compared with structures in air.
Therefore, if the necessary velocities of flow were ever reached, one would
apect both violent cross flow motion and also significant in-line motion.

2l. A point of interest was that the osmllzmons were occumng at flow
speeds which, allowing for the i in st freq: y in the critical
ange, seemed appropriate to cross flow vibrations, not to the in-linc motion
which would be expected at half the flow velocity. There was an answer to
shispoint also. The peak in the vortex shedding frequency in the critical range
referred 1o in § 15 is applicable to a stationdiry smooth cylinder but not to an
oscillating one.  This had been rated experi
a the time of the oscillations at Immingham was not proven for full-scale
structures.  From the evidence available from the site at this time the in-line
motion could cqually have been duc to a component of cross flow forces at
Strouhal numbers around 0-4 or to truc in-linc forces at a much lower
Swrouhal value. Later evidence from the site was to prove beyond doubt that
the motion was caused by genuine in-linc cxcitation and; support Wootton's
ideas on the distinction between vortex shcddmg ratcs from static and oscil-
lating cylinders.

22. One more point must be mentioned beforc the state of knowledge in
~hich the problem was approached for the second time can be fully understood.
This concerns the bandwidth over which oscillation can occur.  If the forces
due to shedding of vortices were applicd only at the Strouhal frequency then
the pile would oscillate only at values of reduced velocity (V/ND) of 50
{cross flow) or'2-5 (in-line). In fact the power of the vortex induced force is
%0t restricted to a single frequency but is spread over a range, the Strouhal
aumber defining the marked peak in the power spectrum.  Once the structure
begins to oscillate its own movement will influcnce the rate of vortex shedding;
the vortices not only become more ordered at any particular section but also
¢ tuned along the length of the cylinder. The effect of this is that, once
rovement of the cylinder has begun, the cxciting force is very greatly multiplied

P ¢4
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Ily by Wootton® but '
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o X Cantliever rake pile 24" 8ha,
8 Cantllever plumb pllc 24” dia, {In wake of other plles)
.4 Candlever plumbplie 247 dla.
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¥ Bowstring mode rike pifes 307 dia.
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Fig. 5. Ainplitude against flow speed for motion in the direction of tho current

and regular motion continues at or very ncar to the natural frequency., Itis
probably through this mechanism that a cylinder may vibrate (cross flow) a
values of ¥/ND considerably removed from 5-0.. -The peak amplitude will is
general occur at 540 and the range over which excitation can be observed is,
like the amplitude itsclf, dependent on the value of X, for the structure.

Programme of site observations

23. The small amount of available cxperimental information relating
to in-ine motion referred to model stacks® and it was therefore im-
possible to say over what bandwidth the Immingl structures would
respond.. - While peak amplitude might be expected to occur at' VJND of 24
it.was the threshold value which would determine what design modifications
were necessary,  This value could be determined only at the site, by 1aking
continuous current velecity readings and simultancously recording the moment

i)
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Fig. 6. Amplitude against flow speod for mation in the direction. acmss tho dircction
of the currant

at which any particular pile began to vibrate, its frequency and variation in
amplitude with velocity.

24, The frequencics were casily recorded with a stop watch and the
amplitudes at water level were estimated visually (this was not accurate but
was expected to be good enough for our purpose). There was not' much
difficulty in determining the moment at which a pile began to vibrate for usually

- this’oceurred quite suddenly and markedly. The question of how to treat

the current data was more open. A value of velocity had to be determined
but what was this value to be when measured speeds varied from up to
Sfifs near the surface to 2-3 ftfs near the bed? ~ Also the current measure-
mcg‘t)s indicated a change of direction with depth, sometimes of as much

25..The term V¥ was defined as the average velocity over the top 40 ft of

SAINSBURY AND. KING

water (out of 60-70 ft) and the qucsuou of direction was xgnored altogether,
The basis for these quite arbitrary d was an assemption that it did not

" matter too much what methods werc used so long as exactly the same thinking

was employed in designing the remedial measures and so long as it was realized

" that these results could not safcly be used to determine pile behaviour an other

sites.

26. The results obtained are shown in Figs 5 and 6 and were gratifyingly
in line with what had been expected.  Although in this brief serics of measure.
ments the velocities appropriate to peak amplitudes weze not identified, quite

" clear indications were achieved of the threshold values for each case.” These
were determined as being 1°3 for in-line motion and 35 for cross flow motion;

it is interestingto note that while a factor of two would be cxpected to relate
the velocities for maximum mouon in the two dircctions the ratio of threshold
velocities is almost 1:3.. .

Construction problems

27. The results show some valucs of cross flow movement as high asa
pile diameter whereas in-line motion scemed to be limited to about 0+[ of 3
diameter at the vaiues of reduced velocity achieved. This disparity might be
thought to-emphasize adequatcly the difference in magnitude of the two forees
but does not'because the 2 ft 6 in. cross flow motion was of a pile which was
partially restrained by wires.  Cantilever piles in the deep water had frequencics

low cnough to make them vulnerable to cross flow oscillation and if any pik _

was left as a cantilever and allowed to oscillate across the flow the motion
sooa became so violent that it would break off at or near bed level when the

_ tip amplitude reached an estimated +4ft. Each pile that was driven had

instantly to be connected by some temporary device, wires, glanded timbers,
etc., on'to a stable part of the work,” It is hard to give an adequate impression
of how burdensome such a restriction was on output and: indeed it was only
the heroic efforts of the site personnel that kept the number-of piles lost down
to a single figure total on the whole job.: The constant danger was that the
in-line vibration of the partially restrained piles would wear theough or bresk
the restraining devices and leave the piles free to vibrate to destruction across
the flow. . When such an escape occurred the only hope was to lasso the
runaway with a tirfor wire and winch it back, but the time available for this

_ difficult task was-small, This large, amphtudc motion was not limited to

single cantilevers but would affect any group of piles that were apparent canti
levers when viewed along the line of fiow. It was necessary in the mooring
dolphin construction to drive the longitudinal rakers nos. 1-10 {Fig. 7) before
the cross flow rakers were driven, At any time until thesc latter piles were
driven and connected the whole structure would tend towards violent mation
on the cbb tides, All-the partially completed doiphins had therefore to be
tied back hard to the. floating craft and constantly attended, Fortunately,
although there were some wurrymg momcnts, no dolphms were lost.

Pile flxlty conditions .

28, Before coming to the subjest of the analysxs of the oscillation of the
bents it is worthwhile to mention two points which were of great importance
to us, as they will be to anyone else who encounters this prablem, or designs
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toaveid it. These are the effective level of fixity of the piles in relation to their
vibrational properties and the possibility that scouring of the sea bed might
increase whatever effective length was decided upon. Since the natural
frequencics of the piles and structures were expected to vary with the square of
the pile lengths the answers to these two problems were plainiy crucial.  There
was little firm knowledge for guidance and reliance was placed on judgement
and whatever experimental evidence could be coliected from sitc.

29, A scrics of tests was conducted using cantilever piles in the water of
moderate depth where they could safely be released. The cantilevers seemed
successfully to isolate the question of length from the complexitics of structural
analysis. The periodic time of a uniform cantilever of mass m and length L
is determined: _
: m

When such a cantilever vibrates in water its frequency is reduced, the mass of
the pile being effectively increased by the amount of water which follows it
during the movement. It has been shown?® that the cffective mass per unit
leagth of a cylindrical specimen is given by:

M=m+my, P )

v

£ = 1-79L7 O Lo @

- SAINSBUHY AND KING

where s, Is the mass of the displaced volume of water.  Because.of this fact
the piles could not be considered to be of uniform mass along their length
since’ part was above the water. An equivalent mass per unit length st
was therefore determined (sce equation. (1)). By taking measurements gt
different tide levels and by varying the level of the free water inside the piles
it was possible to make each pile vibrate at a number of different frequencics,
cach of which yiclded a value of length of the equivalent truc cantiicver. The
resulting values showed that apparent fixity occurred between 2 ft and 8§ it

. below the bed level in medium clay of ¢ value approximately 1000 Ib/sq. ft. As

input data for the analysis of vibrational behaviour of structures an assumed
perfect fixity 10 {t below bed level was used. .

30. The question of scour around the toes of piles could not be tackled by
any similar experimental means since it could be'a long term.problem.  In the
deep water where the vibration oceurred the bed characteristics varied greatly
from sand overlying stiff clay to open chalk., While these made the assumed
10 ft fixity level appear conservative they left doubt as to whether the existing
bed level would be'stable, An allowance was made of S ft gencrally and 10t
where there was a sand or gravel bed. - Later measurements showed that in
some cases 8 ft of scour had occurred within a few weeks of driving piles,
aithough the deterioration then appeared to have halted. ‘There scems to be
a-great need for reliable methods of assessing this problem.

The nature of bent oscillation

31, 'A quick appraisal might lcad to the conclusion that the piles in the
standard bent were, in'the planc of the bent, subject to almost complete head
fixity, lateral restraint being provided by the raking piles- and rotational
restraint by the very stiff capping beam. The problem was not however one
concerning the natural frequency of a pile (which could be calculated from 2
standard formula) but the natural frequency of every structure that was to be
built. For the standard bents could clearly be seen to be vibrating as complete
bents at frequencies no -better than would have been achicved by a simple
pinned headed pile. . .

32, The methods used to investigate the vibrational properties of the
various structures arc describied in §§ 69-84. At first only a two-dimensional
program was developed and this was uscd ir a thorough study of the stan-
dard bents which were at the time vibrating, -The aims of this study were two
fold, firstly to prove by comparison of theoretical results with sitc observations
that the program worked corrcctly and that the assumptions of site condi-
tions were valid, secondly to discover a means by which the oscillation could
be prevented. .

33, The results for the unloaded bent (the then existing condition) were as
shown in Fig. 8(a), :Therc scemed little doubt that mode A was what was
occurring on site, both the frequency and the form of behaviour agreeing very
well.- The small bending deflexions in the capping béam compared with the
side-sway of the system ‘made it appear unlikely that any solution could ¢
found by further stiffening of the beam. To climinate this possibility the
calculation was run with a tenfold increase in the stiffness of the beam but this
had virtually no cffect.  An increase of the load on the capping beam to simu-
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fig. 8(3). Vibration modes of untoaded bent {calculated)
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fig. 8(b). Vibration modes of loaded bent (caloulated)

late the final condition when the oil pipes werc in position gave the results in
Fig. 8(b). - ’

Pessible solutions to the problem '

34.. Naturally. many possible means of preventing the oscillation were
considered. Larger piles could not be used for many practical reasons.
Among the hydrodynamic devices were strakes, shrouds, and splitter plates.
The helical strake was first suggested by Scruton®? ds a means of breaking up
the vortex pattern around a cylinder and preventing oscillation.  This device
is now widely used in this country and is a common sight, particularly on metal
chimacy stacks. The additional static drag-on the piles would have been a
disadvantage, but more crucial in deciding against the'usc of strakes were the
practical difficultics of cither applying the strakes to the piles below water or of
fising them to the piles in a manner which was robust enough to withstand
driving stresses and would not impede handling of the piles; furthermore .:hc
residual amplitude in these conditions was uncertain. Similar practical
difficultics told against the use of both the perforated shroud*2 and the splitter
plate, besides which neither of these devices had been used in full=scale
structures. o -

35, Another widely canvassed suggestion was that the piles should be filled
cither with sand to introduce damping or with concrete to-improve. their stiff-
ness and natural frequency.  Sand would probably not have absorbed much
encrgy at such low frequencies and in any cas¢ nobody-knew ‘what value of
8, was nceessary to prevent oscillation.  Concrete, if it had bonded to the stecl
to form a composite structure, might have raised frequencies sufficiently but, if
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'not, would have reduced thé frequency by addition of mass, The -ﬁ“ing
operation, with cither material, would have been extremely burdensome;

_raking piles would have been likely to fail under the dead weight; delay in the

programme was unacceptable.

The solution édopted N

36. The only measure which was both technically feasible and theoretically
certain of success was to amend the design to satis{y the boundary determined

by the site measurements.  Leaving a small margin below the result quoted in’

§26 the design criterion became
_VIND < 112 [ T )

Accepting -particular values ‘of ¥ and. D this-would define 2 minimum safe
frequency for cach structure, - . -

Flow velocities and group effects e

37. Theassessment of the design valie for ¥ was based on all available data
and an extrapolation to allow for the greatest predictable tidal ranges,  Values
varicd in different zones of the site, the highest design figure used being 10 fifs.
..38. It was not possible at this stage to make any allowance for the cffect
of the structure on-the velocity. although it was later found that the loss in
velocity through any structure based on a grid of piles was appreciable, In

-these circumstances. the leading piles were most susceptible to oscillation. .
39. This observation contrasts with experimental results achicved-using .

four stacks in linc*® when amplitudes increased from the first to- the fourth

cylinder, this increase being attributed to bufleting from the vortices in the

flow approaching. the -downstream. members, - No similar. cffect- was ever

observed in grid structures at Immingham despite the wide variation in pile
ing and arr. t available for study. . - . :

Detail of modifications ,

40.- The increascs in frequency required to satisfy equation (4) were achieved
by adding a system of bracing members.  The most critical arca was the trunk-
way itself, made up-of bents:similar to those in the approach but disposed 90°
differently to the flow. :The light tubular strut members joining the bents
gave no rotational restraint in the planc-of vibration and the metion occurred
over long periods ‘of time, sometimes with great severity. Calculations
established that a bracing pattern of the form shown in Fig. 9 would sufficc
to promote the necessary increase in frequency.  The level at which the bracing
had to be fixed varied from one part of the structure to another with bed levels
and water velocities:.it was decided for. the sake of uniformity, and to give
extra safety in most areas, to fix all bracing on the site at —35 ft OD, the
leve] demanded by the most critieal piles. - o -

41, " This leve] would allow work to be done only during very limited periods
during spring tides and it.was plainly important to develop a type of bracing
and a fixity detail that could be casily installed. * This was a difficult problem.
The irony was that no force was required to prevent the vibrations, merely the
presence of a meniber of a certain stiffness (not great) and yet once the member
was added the method of transfer of current drag forces changed and caused 3
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fig. 9, Trunkway bracing

Fig. 10(a}. Unloaded bent, no modes
below 200 cycles/min

Fig. 10(b). Loaded bent mode D
104-86 gyslos/hin modes ABC above
200 cycles/min

Fig. 10. Natural mades of braced bent

considerable force to be applied. Current and wave forces on-the bracing
members themselves had also to be considered. A twin channel member

isfied all the requi and single UC sections were used on some ver
short spans. Dircct welded joints were uscd. .

42. Similar bracing was applied to a wide variety of structures and com-
pletely prevented the vibrations.  As such it was a suceess though the difficulty
and expense of fixing it at the very low level required were much worse than
had been expeeted,  The bracing pattern for the trunkway approach bents and
the resulting modes of vibration are shown in Fig. 10, Comparison with the
atiginal behaviour detailed in Fig, 8 shows clearly the influence of the bracing
members, ’
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Sway vibratibn of the trunkway approach

43, Study of these results made it clear that mode D was quite different in
nature from the other modes; it represented what was hereafter called overall
sway modes as opposed to bow string modes. In using these descriptions it js
not denied that the sway mode contains elements of bow string behaviour and
vice versa, Indeed this combination of the two forms is fundamental to the
behaviour of the system and those familiar with the dynamics of multi-degree
of freedom systems will recognize it as coupling, .

44. The following distinctions between the two types of behaviour beeame
clear, the quoted relationships being approximate: .- .

Bow string modes ’ Sway modes
frequency varies with 1/£3 frequency. varies with '1/L of piles
frequency varies with +/EI- - frequency varies with VAE of raking piles
fr largely indépendent frequency varies with 1 [V My where M, is
of loading on cap . mass of capping . .
frequency raised rapidly by frequency largely unaltered by application
application of bracing of bracing,

45. In the case of the standard bent the braging achieved the required im-
provement in the frequency as far as the bow string modes were concerned, but
made no difference to the overall sway frequency, Here then was a dilemma,
The observed motion could be prevented but there was another ‘motion, not
to have been expected at this stage, which could not be prevented, If the piles

" were braced it was quite-possible that when the-oil pipes were placed and filled

the overall sway -oscillation would commence, for at that moment the fre.
quency would again become vulnerable, --Since the sway frequency depended
only on the cap mass and the lateral stiffncss of the pair of raking piles there
was no way of influencing it apart from driving another pair of piles at cach
bent. . S .

.46. . Consideration of the other criterion of susceptibility to vibration
(2M*8,)/(p.0? raised three problems, cach of them virtually insuperable. .

(@) No limiting valucs of the parameter were known,

. -(b) The value-of 3, for the structurc was unknown and it seemed likely ’

that experimental results achieved on site would be obscured by the
- viscous.and pressure damping of the water, influences which, when
the pile vibrated, were the exciting factors. N
* (¢) How was it possible to talk of an cffcctive mass of a structure made up
of several members each partly in water and partly in air, The
correct approach seemed to be to define an effective mass per unit
lengthl of the exccited specimen: R

.

f My*dx
r

: Jorax

where the top line is the integral of My? over the entire structure but

the bottom line is integrated only over those lengths of the piles

‘which were in the water and could thercfore receive the exciting

force. "There were no experimental results to support such an
interpretation. . :

2=

)]
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47, This fruitless invcstigation was stopped and steps taken to fix the
bracing and stop the existing troubles. Whether -overall sway “would later
occur was unknown; if it did, it scemed that further pairs of raking piles were
the only answer.

Sway vibration. of main berth

48. The possibility of overall sway oscxllatlon of the main berth could
not so casily be set aside. The ratio of deck mass to longitudinal rakers
was so high that the frequency was down to'a mere 45 cycles/min. This
frequency would be cxcited at eurrent speeds of only 2% ft/s and would be at
the peak valuc V/ND=2'5 by the time velocity reached 5 ftfs.- This was a
major problem. The frequency was clearly vulnerable, but the problem
remained of whether 3300-tons of concrete waould really be excited by this
hitherto ignored force and, if' so, what could be done about it.

45, . The examination of this problem took two main forms. First an idea

evolved that the berth coulid not oscillate because it had too many piles. The

reasoning behind this was as follows:

(@ thc vortex forces do not become lacge until the lock-on amplitude has
been reached;

() at smaller 'm\plmxdcs the shedding is not fully corrclutcd along the
length of the cylinder;

(o) the uncorretated forces due to vortex shedding from 65 piles will tend
to cancel out and produce insignificant overall force on the structure;

() therefore lock=on amplitude will never be achicved.,

50, There was only one way to check this proposition, by experiment.  As

far as was known such an experiment had never been carricd out, primarily
because o one had ever experienced similar water induced vibrations and nor

kad anyone wanted to build 65 chimneys with their tops connected together. |

A simple go/no-go test was devised and performed in a wind tunnel at the
NPL.* Using spring-mountcd balsa wood tubes to represent the piles,
vibrations werc induced with the piles in'a group but unconnected. The piles
were then connected together with a *deck’ and the air turned on. Instantly

the whole structure vibrated violently, in fact rather better than the individual

piles. ‘'That was the end of the first hope.
51, The remaining pessnblmy lay in an investigation into the physical
characteristics, of a number of cxisting berths, The logic behind this was:

(@) there have been no cases of piles vibrating before;

(5) the length of piles and the velocity of current at Immingham are

, together exceptional;

(o) the bow string motion of the piles is at a frequency within the vulner-

able range but not by a great margin;

{d) therefore it is not hing that on other sites there have been no
bow string vibrations;

{e) but the frequency of the berth is so low (and other berths are likely to
have similac propertics) that it secems probable that other berths on
other sites would have vulnerable frequencies;

(f) if they arc not vibrating, it is because their mass s Jarge cnough to
inhibit motion and this will probably be the case at Imminghamalso.
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%ig. 11, Position of dolphin stiffening beam

9. The pernicious movement had been Stopped by the method that had
rot been attempted, and this. offered a cluc as to why the remaining dolphins

were not vibrating—many of them were connected together by walkway .

bridges (Fig. 1) which weighed about 15 tons compared with the 4 ton reaction
estimated from the beam.  These bridges rested on rubber bearing pads and it
scemed likely (and was later confirmed) that these would absqrb more cnergy
‘than the friction from the light beam. i
60. That this small friction should damp the motion .s¢emcd to indicate
that the value of k, was close to the critical and a high critical value of VIND
seemed likely, When evaluated, however, ¥/ND was i-3, identical with the
caclier value on the bow string piles. This meant that either:
(a) a near critical value of &, would not lead o2 high critical value of
D,or
() ks was not near to its critical value.
6L, The frictional force that had stopped the dolphin, ‘assumed to be
Olten, was converted to equivalent viscous damping and expressed in terms
of the damping equation
¢ = 2MN3, PR N (O]
Jt was thus established that cven this small force would increase the initial
value of 8, by 015, Nonctheless &, was plainly much ncarer critical than in the

2
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case of the single piles in the-partially constructed works where obviously
considerable work was done against friction.

- .62. The analysis of the dolphin vibration modes gave the results shown jp

Fig. 12" It seemed certain that what had occurred was mode B, the difference

- in frequency being attributable to differences in assumed pile fixity levels,

63. In attempiing to assess the- cffective mass of the structure another
difficulty was added to those listed in §46. A large past of the movement of
the strueture, and in the case of some piles the entirc movement, was acros;
current; the question arose as to what influcnce the piles were haviog which

" were moving in this plane. It seemed that they should be excrting a damping

influence on the motion but there was no indication of how great an influence,
Again the attempt to assess the quality of the structure in terms of availab}
understanding of the mass and damping was quite )

&4. Consideration of Fig. 2 shows that the dolphins. fall into three
categorjes: : !

(a) ABCHIKK! connected - together by walkways ‘which intcoduced
sufficient damping. . . o :
(6) DEFG close enough to the main structure for damping bearas to be
. introduced if necessary. R
(¢) dolphin A? standing entirely alone and pr d by legal idk
tions from being structurally connceted to the other works.

Model tests

.65. There was therefore a possibility that dolphin A would vibrate, Ina
search for more basic knowledge with which to face this eventuality some
expeziments were carried out by the British- Hydromechanics. Research Associa.
tion who; had succeeded in producing experimentally in a flume in-line
vibrations of an elastic specimen,

66. The cxperimental arrangement consisted of a cantilever cylinder
cartying varying tip masses and with its tip restrained by springs of varying
stiffnesses, Space does not allow a detailed account of the experiment but
the following results are of interest, ) . :

(a} Addition of sufficient mass prevented the motion completely,

(&) As mass approached this critical value the threshold valuc of V/ND
rose. . . .

() The value of §, was virtually the same with and without water in the

. flume and for all values of mass,

.(d) The bow string and sway modes of vibration occurred simultaneously
-, overarange of velocities. Separation of the modes indicated that
each was occurring independently of the other, Both the eritical
flow speed (V/N.D for maximum amplitude) and the threshold fiow
speed were largely unaffected by the presence of the other mode.
The critical value was 2:3 in each case and the threshold values were
approximately 1-3 and 15 respectively for the bow string and sway
modes.
() Some lightly loaded free cantilever specimens oscillated at. threshold
values as low as 0-9.
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Fig. 12. Dolphin modes of vibration

(/). The critical valuc of &, for the unrestrained cantilever (sec (a) and Q)

was calculated making the assumptions of cquation (S) and was
found to be 0-65. This is comparable with results achicved in air
in onc of the fow experiments when in-line vibrations have been
observed in that medium.®
67. It was intended to move on to a three-pile-medel which would simulate
the torsional complexitics present in the dolphin, Before this stage was
reached, however, dolphin A was completed and found not to oscillate,
This good fortune removed the main purpose of the cxperimental work de-
scribed above and the tests were, perforce, discontinued in spite of the
indications that this was an interesting and fruitful ficld of study.

Further design development .

63. There is only onc further point to recordiin the development of the
design and its application on site, the reasons why the dolphins had not
exhibited purc bow string motion as wail as the coupled sway motion. It was
realized that aspects of this problem existed which had not been considered in
deciding to brace the dolphin piles.

(@) The coupling of modes in the dolphins is such that the bow strirzg
modes occur cither at or above their purc frequency.  A'margin
below the theoretical fixed frequency which had been allowed from
observation of the bent vibrations was therefore not required.

(6) Because of the different mode shape (basically fixed ended instcad of
pinned) the maximum amplitude in the piles would occur much
lower down in the water, Because of the stratified flow and the
fast sucface velocities this implied that higher values of ¥/ND would
be required to promote excitation, .

SAINSBURY AND KING

(¢) The encrgy input required to reach lock-0n amplitude would be greate:
in the fixed ended mode.

69, Because of these features, and after further velocity measurcmeny
which indicated lower velocities in some areas than had been expected, it was
possible to design-out the dolphin bracing which had been so receaty
designed-in.

70. The pile vibration problem was finally overcome as far as Immingham
Oil Terminal was concerned.  Before going on to consider the implieations
of this work for future jetty design it may be useful at this stage to consider in
detail the work done on the analysis of the vibrational properties of the
various structures: for without'a reasonable mastery of this side of the problem
an awareness of the characteristics of the vortex excitation is of little use.

The analysis of structural vibration characteristics

71. The work described in this section of the Paper was concentrated on
the marine structures already referred to and was done with the aim of pre-
venting vortex induced vibration: The principles, however,” are of general
applicability. No major discoverics are claimed: the methods are based on 2
variety of published works and the conclusions are probably familiar to these
experienced in structural dynamics. The modern trend towards bigger, yet
lighter, structures must lead to greater involvement in this subject and it is
hoped that the experience with the Immingham structures will help the un.

initiated and possibly interest the expert. It should be stressed that reduction -
-of dynamic problems to the analysis of apparently cquivalent static situations
" can yield wrong answers, as can inexpert simplification of a dynamic approach.

The Appendix is provided to clarify points.

72, The work was all donc on a 1903 computer, without hardware Qoating
point. This did cause slow operation but with the machine time available
was acceptable. The core store was 32000 words of. which. 28 000 werc
available. All programs were written to use core store flexibly to obtain
maximum machine utilization, only about 20 000 words normally being used
in order to retain the beaefit of the dual programming facility.

73. The method used to make the first i igations, into the dard
bent (§ 32) and other two-dimensional structures, was developed in a very short
time to meet the crisis caused by the oscillations. A static structural analysis
program which set up the stiffncss matrix (§ 97), including spring supports,
restrained it, and solved it by reducing the matrix to triangular form (§ 98}
was modified to: .

(a) subtract e®n from' the leading diagonal of the unresteained matrix

3 99),
- (b) calculate the product of the leading diagonal terms of the reduced
matrix (§ 100),

and thereby the value of the determinant of the modified, restrained matrix

- was obtained. Natural frequencics being at zero values of the dotcrminant

(§ 101) they could be located by determinant sign changes and refined by inter-
polation. On arriving at the reduced matrix corresponding to a natural
frequency, the mode shape could be found by a simple back-substitution.

74. ‘The interpolation technique used (§ 105) eould lead to frequencics

-
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being missed; this possibility was avoided, initially by plotting the determinant
value and Jater by the more reliable means of a Sturm sequence count (§ 102).

75. The method was checked on a single pile with various end conditions
and the number of intermediate modes was varicd up to ten.  The symmetry
of results was noted where appropriate, and perfect agreement with theory
found on simple cases, Al d mass pt was used (neglecting rota-
tional inertia) and accuracy was not improved significantly by using more than
two intermediatc nodes on the members (there was no intercst in frequencies
involving harmonics of basic members (§ 103)).

76. By these means the results already examined in: Figs 8 and 10 were
achieved. Two aspects of thesc results which have sq far been only touched
upon may be considered again. '

{a) The cfiicacy of bracing members, for a given arrangement, depended
upon their area {(and also upon Young’s modulus which had to be
varied when wire ropes were considered).  Fig. 13 shows variation
of lowest howstring frequency with solid bracing arca and indicates
a bracing size above which little further improvement is gained. As
mentioned in §41, practical probl made it 1 y 10 use
members much greater than this desirable size, i

{p) There is some intcraction betwecn sway and bowstring modes.
Figs 8 (2) and {b) make it clear that simply increasing load on the
transom alters bowstring modes and frequencies. This cffect was
noted but not at first understood.

77, Difficulties during a temporacy stage of construction of some pf the
erly dolphins prompted the development of a three-dimensional version of
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this program to investigate dolphin behaviour. Apart from the dangerof cro
current oscillation (§ 27), very violent and persistent in-line oscillation oceurred
at the stage when precast soffit units were placed and before the rain conerete
-mass was poured.” This movement was so continuous that concreting wa
prevented and in some cases additional plumb piles were driven at one of boty
of the rear corners of the dolphins. These did improve the temporary coddi.
tion and it was to discover whether they were a necessary part of a completeg
dolphin that this analysis was first attempted. o

78. The conclusion -was that the plumb piles were of little valug to the
completed dolphir. - Since the carly dolphins showed no sign of movemen
once they were complete and beeause the computation was so laborious only
a few frequencices of one dolphin (J) were investigated. .

79.. When the oscillation of the completed dolphin E occurrcd (§ 54) it was
necessary to make a-renewed effort to come to-grips with the analysis of this
type of structure. The original belief that the dolphins were too heavy to b
excited appeared misplaced and it was necessary also to investigate the effect
of bracing on this sway behaviour, Extracting one natural frequency took
13-2h computer time and each dolphin had 37 modes below 200 cycles/min.
When braced there were still 37 frequencies but cachk onc took 3-4 h.

80. The computer time involved made possible a precise delcrmination of
only a few modes and the picture was built up with scraps of information on
number of nedes below certain frequencies. This information (Fig. 14)
was plotted and a definite pattern could be discerned.

- (@) A large number of modes occiir at the fixed ended pile frequency—

the arithmetical situation wis-too suspect for reliance on details
but the Sturm sequence count indicated a very narrow frequency
band with many modes. * This band is disrupted by bracing:

(6) Three natural frequencies exist below the band and 200 cycles/min
“on an unbraced dolphin, The lower three for dalphin E are the
modes alrcady shown-in Fig. 12. Bracing produces no significam
change in these frequencies. >

(¢) All analyses showed 37 natural frequencics below 200 cycles/min.

-(d) The rather disappointing frequency £t of mode B compared with the

" obscrved motion on site was attributed to the mode's being governed

by axial pilo lengths for which fixity would probably be lower than
assumed. R -

(e) Although velocitics high enough to excite mode C were thought to
have occurred no trace was observed cither of a switch to this mode
or of concurrent cxcitation of both modes. .

81. One result of these many investigations was some enlightcnment on
the subject of coupling and its fundamental influence on natural frequencies.
It is demonstrated in elemeatary works on vibrations that if two simple systems
are Jinked by an elastic member, the original frequencies and mode shapes are
modified. This process has two basic rules,

(a) The lower frequency moves down and:the higher one moves up.

’ The shift varies with the closeness of*the coupling which is itsell

proportional to the stilfness of the coupling member and inversely
preportional to the separation of the original frequencics,
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(5) Each new modé shape consists mainly of the mode shape of tl_'xc nearer
" frequency but contains some part of the other. The ratio of the
two shapes present is governed by the coupling.

82, Therules for a system with three coupled modes are similar, the cgmral
irequency having a relatively small shift. It is at once apparent that the simple
bent couples' the motions of two raking-piles, one plumb pile, beading of the
iransom and purc sway. This Iatter is difficult to assess exactly since some
proportion of pile mass must be included in the transom mass, The build up
of this behaviour is illustrated in Fig. 15 and comparison with Fig. 8 shows the

A CB
Coupled % ps
N /.
Unloaded cap \ \ Fsway
N
Pile moder Rakens & i Plumb
A
lodedep Sk / | [ -
/< ~
Coupled r/ .‘.[ k i 3
) 300
® " . Fr:qucﬁ::qde:/mln

Fig. 15, Standard bent coupling of mades (referance letters relato to Fig, B)

SAINSBURY AND KING

7
+ -1 {13 Coupla pile: +
N 1/ upla pi uuu? !I
R \-l\» 3 Cougle aap terms +
Nt )
&z ¥1 plles  Fundamenzal frequencles ~ 'BSx 105 30y
LA Sk [
. .}/ * Couple ap K‘GI"III . ,{ }.
r S ' o1
v{ -lx Couple piles 10 c1p l} .l.

9 ) T 150 200 % 300 330 400

450 500 550 &
“Frequency: cyclasfmin

Fig. 16. Dolphin E coupling diagram

rules in practice. Other existing frequencies such as pile harmonics are high
enough to have relatively little coupling influence on these modes.
83. In the case of the dolphin the cap may be considered a rigid body and

hence has six degrees of freedom. - Inspection of Fig. 12 shows that these spli -

into two groups.

{a) Rotation about the vertical (x) axis involves rotation about the z axis

© ' and deflexion in the y direction.

(6) Deflexion in the z dircction is associated with deflexion in the x
direction and rotation about the y axis, .

84, Approximate solution of these two scts of equations of motion in-
dicated that one mode from group (z) and two from group (5) would be high
(400-500 cycles/min range), the remaining three being ncar 100 cycles/min.

If fundamental pile bowstring modes only are considered they must be fully’

described by a y movement and a z movement, two per pile, 34 in the 17 pikes
of dolphin E or F, giving a st of 37 relevant frequencics, as found by the Starm
sequence count, ‘The coupling involved in this behaviour is shown, for a
typical dolphin, in Fig. 16, These ideas were consistent with Fig. 14 and fed
to a reappraisal of the method of analysing the dolphins,

85." If the stiffness and mass matrices could be developed correctly for six

. degrees of freedom for the cap and two for each pile, the resultant matrices
could be solved by standard eigenvalue routines and the complete picture for

cach. dolphin obtained in 2 fraction of the computer time previously required.
This raised the question of how much mass to include in the cap but a solution
was. found by using distributed mass matrices, a suitable reference!® for
which also gives the method of condensation to eliminate unwanted degrees of
freedom (§ 104). Programs were duly written, using standard library routines
to obtain cigenvalues, and the results agreed well with those of Fig. 14 and with
previous work. A perfect agreement Is unlikely—the condensation involves.
a small assumption (§ 104), but errors were only fractions of a cycle per
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minate. -Thece was one- minor difficulty,  There-are a number of cqual
frequencics in_ the- result, -and-under these circumstances there-is an infinity
of mode shapes 1 with the fr “This infinity.is composed of
lincar combinations of a basic sct, which must have the property of being
orthogonal. '~ Thus care is nccessary to ensure that an orthogonal set s found,
and not just any set. - The original routine did not find an orthiogonal set and
‘had to'be replaced.’®. | ¢ o7 - o -

$6. This hew. tool greatly speeded the remaining -work on the- dolphin

- analysis and although (§ 58-ef seq) the solution to the general problem was

found through damping it was possible to demonstrate that. dolphin-E had
dloser coupling than any other dolphin and to sclect a design for dolphin Al

- which would be far'less viilncrable,

Implications for future design )

87. Having by these various means overcome the pile oscillation problem
as.far as Immingham_ Oil Terminal is concerned the question arises *What
next 7™ From the complex maze of problems just deseribed what practical

knowledge hag been gained which can ensurc that these difficaltics necver ocgur

again 7 Tor-unless the phenomenon is understood and mastered at the design
stage it surcly will oceur again, possibly with cven more severc results, - We are
entering the age of lacger and larger ships; large ships mean dcep water; deep
water'means long piles, which even allowing for a tendency towards larger
diameters arc likely to have low frequencies and to suffer from vibrations even
at quite modest current speeds. n . ST

88. The answer unfortunately is not a clear'one.” As already admitted the
reason for the success of sonc of the measures is still unknown and to pass
on the sccret is therefore impossible. -Realizing how complex the problem
is, and how scrious, it can only be urged that, until morc is understood about
it, designers should leave a wide margin of safety on the primary criterion of
reduced velocity /D, From the Authors® expericnce, realizing the undesic-
ability ‘of three-dimensional vibration analysis as a preliminary to. the con-
sideration of every outline schéme of jetty design, ‘the following approach to
the problem js tentatively suggested. .

89. The standard formula for the natural frequency of a uniform beam is:

.‘.’.,....(7)

where X=0-56, 2+45°and 356 respectively for eantilever, propped cantilever
and encastré conditions. ' After ‘extensive: analysis and site observation of a
wide-range of typical marine structures at Immingham it is apparent that on
many occasions the natural frequency’of a'structure is Tower than the frequency
of a perfect pinned Headed “pile of thé same. Iength. - From abscrvation the

- KB
B N

lower limit of the envelope of {requencics appaars to occur at a value approxi-

mately 75%-of.the frequency of a theoretical pinned headed pile.
90. Making usec of this a-gencral expression for the lower boundary of bow

string frequencics on'-the site can be written thus:

184 [Er
NegmdT oo 0 0 (®
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S_ubstin;ting this value of N in the limiting c_qndiiion:
. na < 12
a g'enéral expression is obtaincd for the maximum curzent which can be with.
stood by an unbraced pile structure:

. EID? .
Vioax = 22 ’M_L‘ )]

91. - Having setthis limit for in-line vibrations of the completed structuce,
across flow vibrations of the piles as cantilevers may still be encountered during
construction. This would alone make the design for all practical. purposcs
unacceptable. * As a cheek for this condition, equating the- expression for

cantilever frequency: K
’ 0-56 /ET .
=TT L ¢ ]
with the limit for cross flow vibrations_given by: e
o 07 bk BT i1
the maximum safe velocity is:
" [EID?

Tem= 9 G m

92. It'is an extremely interesting coincidence that the velocity which will

cause cross flow vibrations during construction is almost exactly the same as
that which will cause in-line vibration ‘of many typical completed striictures,
It.is thus entirely logical that botli of them should have occurred with such
severe effect at Immingham.: The relationship between equations (9) and (12}
and the fact that some cases of minor cantilever movement have been reported
strengthen the view expressed in § 52 that a number of Jjetties have narrowly
missed the phenomena described in this Paper. Taking an envelope which
avoids both conditions we suggest as a rule of thumb check that the maximum
safe current for any piled structure is given by cquation (12). This formula,
however, should not be taken as a criterion of whether a given type of pile is
suitable at'a certain site but rather as a criterion of whether a much more
detailed consideration should be given to the problem. This should be dons
if the velocity is above or'even close to the value. given by equation.(12),
93.. This expression, of course, relates only to the .basically bow string
motion. | The wide variation in sway frequencics of different structures makes
it impossible to give any similar guidance and indecd, as has already been
pointed out, many large structures are vulnerable if velocity is the only
criterion used. The actual difficulties caused by the dolphin sway oscillaticns

at Immingham and-the potential danger of such motions clsewhere make it .

most important that someone’ should disentangle the complexities described
in this Paper and give to desi a method of ing the vulnerability of
structures to sway oscillation. If the bow string frequencics of the piles in 4

. heavy structure arc above the safe value then some measure of protection is

afforded. . Any very low sway frequency will be remote from the bow string

~ frequency and will, in its coupled form, contain little bow string motion. It

WD N S
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will therefore have a very high effective mass. "It seems possi}:le that \vl}cn all
is understood a velocity critcrion simifar to that abave may be found suitable,.
forin this case alsq, Imminghan is the first instance where trouble has occurred,

94. There is plainly a great nced for work to be done on this whole sub;cct.
4 special full-scale research rig has been built at Immingham and a consider-
able programme of measurements.and cxperiments carried out:  Analysis of
these results is now in hand'and it is hoped that a feport will be available inthe
not too distant future, This programme is being-carried out by the British
Teansport Docks Board, the National Physical Laboratory and John Mowlem
and Co. Ltd under the auspices of the Construction Industry Research and
Information Association and assisted by funds donated by intcrested parties
within the industry. The response to the appeal for funds for this work suggests
that the will is present to overcome this problem.
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Appandix . )

.97, The riornlnl'concépt of slope and deflexion equations—the deflexions (which

here include rotations) of the ends of 2 member induce foreds (which herc include
) in the and the i

in equitibrium with any external forces—can be formally cxpressed as: .

TahEP =0 . . . . (13

the summation including the deflexions () of all points directly cpnncclcd to the point
under consideration by members, as well as those of the point xtsclf._ The complete
set of cacfficicnts (4) for the whole structure form the stiffness matriz. In the case
of a spring support, there is a force A8, applicd and the term ey is. modified to

(@s+4). In the case of a restraint, the defiexion is known to be 0, and Lence its.
cocfficients can be omitted from the matrix,” The force P at such points bpcomes the.

unknown reaction.

98." The normal, oc" Gaussi ! of fons _is ‘well known, Each
i ining §; has sut d from it the ficst equation multiplicd by 'z sui.t-'
able so that §; is climi d from-all- but the first cquation, -<The process is

continued until the last equation contains only 8y, The cocﬁicicr}ts arc NOW non-zero
oaly for 1, and thus form a triangle, hience the ‘reduction to triangular fo.rm', - At
this stage 8y can be caleulated, and its value used to calculate 8y-1, €tc. This process

of these forces at any point must be
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is kaown a3 back-substitution, In a natural frequency back substitution 8,; is takea
as unity. . R

99. If, in a dynamic situation, the mass of the structure Is assumed to act at ihe
peints under considcmtion. the forces P become MiS,. If the normal natyey!
fx on of idal motion with no applied forces is made, 2,
bécomes — w2248, and the formal axpression is:

3 ayd - (au— w8, =0 L )

the summation now omitting the a8 term. Note the mathematieal similarity 1o
the spring restraint. M is clearly the mass in cquations of force cquilibriem, but jtiy
an inertia in moment cquilibrium. However inertia is not a simple term in a con.
tinuous structure, but its importance can be discovered by solving the problem with
additional nodes, thereby getting nearer to the limiting case of M uniformly distri.
buted-(see § 75). ,

100. The problem has now.become ane of 2 system of equations in which w and
the 3s are unknown, and all the cquations contain only coefficicnts of w and 8, ic,
there are no constants such as P; in cquation (13). - Such a system has the trivial
solution of all 3 zero, but there are other solutions, occurring where the determinant of
the coefficient matrix is zero. The values of w? are called the cigenvalucs, and the
corresponding scts of 8 the sigenveetors. For a matrix of N equitions there arc N
such solutions. .In the particular case under consideration - ihic cigenvalues Jead tg
the natural frequencics, whilst the cigenvectors give the-mode shapes, or relative
deflexions. ~ Clearly an cigeavector can be multiplicd by any constant without
altering its validity as a solution. Hence only relative deflexions are available.

10L.  In fact, the-cigenvalues are the solution of a polynomial in w? of order N,

The value of the determinant of a triangular matrix is readily obtained, since it is the -

product of terms aua, @za. . ayx, all other terms in the determinant exprossion con-
taining at lcast onc zero arlsing from the triangular form.  Since the solution being
sought accurs at zero values of the determinant; a change of sign in the latier betwees
two values of w indicates the presence of 2 natural frequency.

102. - The above p has the disad:
frequencies between two trial frequencies may lead to their omission from the caleu-
lation, The Sturm sequence count, applicd to a triangular matrix, amounts to the
fact that the number of natural frequencics below the trial {requency is given by the

number of the terms @iy, @az. . .ayy which arc negative,  This gives a simple and

positive check,
103.  One problem which can arise is that only ¥ natural frequencics can be found.
An oversimplification may cause the matrix to be too small, and hence frequencies

present in the structure may be omitted. An cxample of this is a single pile: - A single’

node at the centre, considered only for lateral deflexion, can only give one frequency.
Two nodes will give the fundamental and the first harmonic, A natural modc of &
complete structure consists of various'modcs of individual b led )

If the mode under investigation aly icofa ber which | is given only
one degree of freedom, the result will be forced into an incorrect version.
104, In the ysis only certain displ are ined, Thesc arc grouped

I
into a displacement vector 5. The static equilibrium equations become:

[xx; ) Km] [sx] _ P,]
Kz: Koo 8 Po
Itis d that the i force cor
8z is zero, i.c. wiM s zero, The validity of this where A4 is an incrtia term has alrcady

been discussed:
.[Ku_ Kxn] [51] _ [Px]
Koy K, 8, 0

ge that the presence of two natural

ding to the neglected displ: t of

=
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'i'hc Jower partition gives:
Kaubi+XKaa8y =0
therefore: 8 = - Ky~ Kn 8,

Using this result it can be shown by the principle of virtual work that the
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13, Vickery B. J. and Watkins R. D. Flow induced vibrations of cylindri
structures.. Proe. first Australasian conference on hydraulics andﬂuld mechanis,
Pergamon Press, 1962.

14, WooTron L. R. et al. - The flow induced oscillations of pt'les. I\PL Acro special
report 025, January, 1969.

mass matrix which is the equivalent mass matrix (or the reduced number of displace-
ments ds: .
=l =KaKa™Y [Ma, Mg I
: M3 - A”z:] [- (2a™? Kn]
The cquations béing solved arc'lhc_n.: -
[y = KoKz ™ K )8l o3[ M113:1=0

105. The interpolation method used was, on finding a positive and a ncgative
delerminant from two successive trials, 10 do'a linear interpolation to obtain a new
ieial fi . Thereafter the interpolalion used three points, the Jast positive, the
last negative and the one just lated
stored _as the last pos:uvc or last megative as appropriatc. The method pmvcd

highly convergenlt, conling down to an .l.ccurm.y of 0-004 cycles/min from a step size -

of 25 cyclesfmin in 8-10 iterations.:
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